Pythagorean Therom with Unit Circle Coordinates.notebook December 19, 2014

AKS 61.F.TF.8 Prove the Pythagorean identity (sin A)° + (cos A)® = 1 and use it to find sin A, cos A, or tan A, given sin A, cos A, or tan A, and
the quadrant of the angle.
Whot does this stondord mean thot o student must know, understand, ond be able to do?
Description of Students should be able to prove the Pythagorean identity (sin A)* + (cos &)° = 1 and use it to find sin A, cos A, or tan A, given
Standard sin A, cos A, or tan A, and the gquadrant of the angle.
Background Students should know the Pythagorean theorem and that tané = sing/cosg.
Knowledge/
Connections
Vocabulary Pythagorean theorem, identity, quadrant.
Instructional An identity 15 an equation that is true for all values of the vanable for which the expressions in the equation are defined.
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What if the radius is not equal to 1?

How can you find the coordinates?
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What if we use the Pythogrean Theorm?

2
a’+ b = c?

sin + cos = radius

Oct 29-3:48 PM
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1. There are several important identities In tngonometry. Let's see if we can discover and make sense of one of these
identities. Other identities will be explored in a later umit.

a. Fandomly list four real mumbers n the first column of the table. Use your caleulator to complete the table.

Comment: You may want to encourage students fo list af least one of the special real numbers such as —, ?r m, eic for

which the exact values of sine and cosine are known.

Be sure students “square the sine of t* rather than “taling the sine of " Show them how to enter this in the calculator
correctly.

Eeal number ¢ {siutf [msrf [sinr:|1+{msr}1

b. What observations can you make about the values in your table?
Ask all groups in the class to report on their observafions.

c. Based on your observations, what statement can you make about real number 7

Use the data from the class to conjecture thar | sin)’ +(cost)’ =1 for any real number t.

Once students make the conjecture, ask if the equarion is an idennfy. Be sure students nnderstand that even thengh
e showed the equation was true for many values of t, we still have not shown the equation 15 true for ALL real
numbers i—and this 15 impessible to de by subsamnion. We need to use deductive reasening to prove it i5 an idenfify.

d.  Use techmology to graph v= |:5:inx}! +|:msx:|z . What do you observe?
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The graph of y=(sinx)’ +(cosx)’is the horizontal line y = 1 since (sinx)’ +(cosx)’ =1

e. Using what you know about the equation of the unit circle, the way we pair real numbers to points on the umnit circle, and
how sine and cosine are defined in terms of the unit circle, give a viable argument for why l[si:lzlt}3 - [msr}! =1 forall
real numbers t.

The equation of the unit circle is x°* +3* =1. Becanse af the way we pair real numbers to points on the unit circle, we
know for real number t there is an angle in standard position of t radians that infercepts an arc t on the unit circle
that has a terminal point P (x, y). ﬂi‘e’ sine and cosine of real number t 15 defined in terms of the fer rur.un.f}m:rr: afr
on the unit circle so we can write the coerdinates of point P as (cos t, sin t). Thus, if we replace x and yin 3+ =1

with cos t and sin §, respectively, we get (cost) +(sint) =1 o, of course, (sint) +(cost) =1

EXAMPLE: The identity (sint)’ +(cost)’ =1 is referred to as a Pythagorean Identity. Let's see how it can be used to
answer the following question:

Suppose cnsr=% . What is the exact value of sinfif f terminates in the first quadrant?
We can find the answer with the following strategy:

For any real number £, |[1:1'.111‘:|2 +|[|::::us;|‘:|2 =1.

Since cost t = % we have |:gj_nf:|! + %] =1.

Therefore, (sint) = % Why?

B
sinf=1 N Why?

; . . _ 4
Since t terminates m Cuadrant I then sin ¢ = 0. Therefore, sinf =

Now that we know sim‘=£ and mst=é,whatisthfvalut of tant?

&
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2.

&,

tanf =

sint 3 'ilr:

=—= - |

cost 1
.

Use the strategy outlined in the above example to answer the following questions.
— and  termunates n Quadrant 2. What are the exact values of cosf and tans?

a sim‘—l
i 3

sr= E _:E Eanr=— ar
22 4

9 3

b. cost=——andtis in the 3™ guadrant. What are the exact values of sinf and tant?

5
J:_' TMII=JE or “Iﬁ

C

sini=—

Students frequently confuse quadrants 1 and 2 and quadrants 3 and 4. Some students learn the quadrant signs by “All

Studenits Take Calculus” indicating which sin, cos, or tan are positive.
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