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c. It is possible to choose a, b such that both perimeter and area are irrational numbers, if you 
choose, for example, different irrational roots.  

 For example, take a = 5 and b= 7 .  

 Then 2(a+b) =  2( 5 +  7) which is irrational, and ab = 5 x 7  = 35 , which is also irrational. 
d.  It is possible to choose a, b such that the perimeter is an irrational number, and the area is a 

rational number.  This occurs if a, b are multiples of the same irrational square root. 

 For example, 3 5 and 5 . You could also choose a = b = 5 , say.  

Collaborative small group work task 
 

‘The sum of a rational number and an irrational number is irrational’ 

This statement is always true.  

An irrational number can be represented as a non-terminating, non-repeating decimal. Any rational 
number can be written in non-terminating repeating form.  Adding the repeating pattern to the non-
repeating decimal - this won’t make it repeating. Alternatively, students might see this as a shift of the 
irrational number along the number line.  

‘The circumference of a circle is irrational’ 

This statement is sometimes true.  

If the radius is rational, the circumference is irrational, because it is a rational multiple of π. If the 
radius is itself a fraction of π, the circumference can be rational.  

For example, if 
    

!  

r = 4
"

, then 
    

!  

C = 2" r = 2" #
4
"

= 8 

‘The diagonal of a square is irrational’ 

This statement is sometimes true.  

If the sides of the square are 2 units long, then the diagonal is   

€ 

22 + 22 = 4 + 4 = 8  which is 
irrational.  

If the sides of the square are   

! 

8 units, then the diagonal of the square is 

  

!  

( 8)2 + ( 8)2 = 8 + 8 = 16 = 4 . 

‘The sum of two rational numbers is rational’  

This statement is always true.  

The rational numbers are closed under addition: you can’t make an irrational number by adding two 
rationals. 

‘The product of a rational number and an irrational number is irrational’ 

This statement is sometimes true.  

Multiply any irrational number by the rational number zero. The product is rational.  

Choose any other rational with any irrational number, and the product is irrational.  
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‘The sum of two irrational numbers is irrational’ 

This statement is sometimes true.  

If the irrational parts of the numbers have zero sum, the sum is rational. If not, the sum is irrational. It 

is true, for example, for 2 7, 3 . It is false, for example, for3+ 2 5,!2 5 . 

 ‘The product of two rational numbers is rational’ 

This is true for all rational numbers: the rationals are closed under multiplication.  

If a, b, c, d are integers with b, d non-zero, then a
b
!
c
d
=
ac
bd

 is also rational. If b or d is zero, the 

product is not defined, rather than irrational.  

‘The product of two irrational numbers is irrational’ 

This statement is sometimes true.  

For example,   

! 

2 " 8 is rational, but 3! 8 is irrational.  

Extension Task  
‘An expression containing both   

! 

6  and π  is irrational’ 

This statement is sometimes true.  

For example,   

! 

6 + "  is irrational but 
  

! 

6"

24"
=

6

2 6
=

1
2

 is rational.  

Students might feel that including expressions not in their simplest form is ‘cheating’. It may help to 
emphasize that these are just different ways of writing the same number.  

‘Between two rational numbers there is an irrational number’ 

This statement is always true.  

Students might try to show this by providing a method for finding an irrational. For example, one 
could first find the difference d between the two rationals. This will be rational. Then one could add 

an irrational fraction that is smaller than this difference (e.g. 0.5d ) to the smaller rational.  The 
result will be an irrational that lies between the two.  

Alternatively, represent the two rationals by two repeating non-terminating decimals, for example: 

 0.12121212... and 0.123123123... 

Find the first decimal place at which they differ. In this case it is the third digit after the decimal 
point. The digits are 1 and 3 respectively. 

Use all the digits so far to start the new number, in this case 0.12. Add one to the third digit of the 
smaller number, in this case the third digit of the first number is changed from 1 to 2. Replace the 
digits after this 2 with a non-repeating, non-terminating decimal (e.g. all the digits of π): 

 0.12214159265358 ....  

This method does not always work. Sometimes when 1 is added to the first differing digit, the 
resulting number is bigger than both numbers. For example 
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 0.12121212... And 0.122122122... 

In this case, add 1 to the next digit of the smaller number, 1 is added to the fourth digit. Then again 
the digits after this are replaced with a non-repeating, non-terminating decimal: 

 0.121314159265358 ... 

‘Between two irrational numbers there is an irrational number’ 

This statement is always true.  

Students might try to show this by example. They may take the average of two irrational numbers. 
This will always be irrational, unless the irrational numbers sum to zero, e.g. π and −π. In this case, 
they could divide the larger irrational number by a rational, say 2. This will result in an irrational 
number between the two rational ones. 

‘If the circumference of a circle is rational, then the area is rational’ 

This statement is never true.  

This is because the circumference and area involve different multiples of π.  

π is a transcendental (non-algebraic) number, so it cannot be the solution of a polynomial equation. 
You cannot use multiples of different powers of π to give a rational solution.  

We are told that C is rational, so write   

! 

C = k  for some rational number k. 

We know     

! 

C = k = 2"r .  

So 
    

! 

r =
k

2"
 which must be irrational.  

    

! 

Then A = "r 2 = " # (
k

2"
)2 =

" # k 2

4" 2 =
k 2

4"
 which is irrational.  

‘If the area of a circle is rational, then the circumference is rational’ 

This statement is never true. 

This is because multiples of different powers of π cannot give a rational solution.  

A is rational, so write A = j  for some rational number j.  

    

! 

A =  j =  "r2. So r2 =  j
"

 and r =  
j

"
.  

    

! 

Then C =  2"r =  2"
j

"
 =  2 j  #  " . 

So C is a rational or an irrational multiple of 

! 

" .  

Students could gain the sense of the last two examples without an algebraic proof or discussion of 
transcendental numbers if you ask them to pick a value for r and then try to adjust to make the 
statements true. 
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Assessment task: Rational or Irrational? (revisited) 
1. These numbers are rational:  

3! 27  3
27

 ( 27 +3)( 27 !3)
 

  Students who claim that 3
27

is rational may have incomplete definitions of rational and 

irrational numbers, referring to fractions rather than fractions of integers, or ratios of numbers 
rather than ratios of integers. Students who do not pick out the products and quotients 
involving expressions with radicals may need help in manipulating radicals. 

2a.  Fubara is incorrect. The student might show this by choosing two irrational numbers e.g. 5
3! 5 whose irrational parts sum to zero, and thus which have a rational sum.  

2b.  Nancy is incorrect. The student might show this by choosing two irrational numbers whose 
product is rational. For example, (3+ 5)(3! 5) = 9! 5 = 4 . 

3.  Complete the table 

‘If you divide one irrational number by another, the result is always irrational.’ 

  This is false. For example, 3
3
=1 . 

‘If you divide a rational number by an irrational number, the result is always irrational.’ 

This is false. If the rational number is zero, the quotient is always rational. Otherwise the result 
is always irrational.  

‘If the radius of a circle is irrational, the area must be irrational.’ 

This is false. For example, let r = 7
!

. Then A = !r2 = ! ! 7
!

"

#
$

%

&
'
2

=
49!
!

= 49 . 
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Rational and Irrational Numbers  

  

!  

6 

  

!  

5
6    

!  

6 + 3 

  

!  

1 " #    

!  

5+ 6  
  

!  

4+ 3  

 

 

!  

"    

!  

"
2    

!  

6

3  

 

  

!  

6    

!  
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!  

0.6
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Poster Headings  
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Poster with Headings 
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Instructions for Always, Sometimes or  Never True 

 

P-2 

1. Choose a statement. 
¥  Try out different numbers.  
¥   Write your examples on the statement card.  

 
2. Conjecture: decide whether you think each statement is 

always, sometimes or never true.  
¥  Always true: explain why on the poster. 
¥  Sometimes true: write an example for which it        

 is true and an example for which it is false.  
¥  Never true: explain why on the poster. 
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Always, Sometimes or Never True? 

The sum of a rational number and an irrational 
number is irrational.   

True for: False for: 
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